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Abstract. The uncertainty principle is one of the key concepts in quantum theory.
This principle states that it is not possible to measure two incompatible observables
simultaneously and accurately. In quantum information theory, the uncertainty
principle is formulated using the concept of entropy. In this work we consider the
entropic uncertainty relation in the presence of quantum memory. We study the
dynamics of entropic uncertainty bound for a two-qubit quantum system coupled to
a spin chain with Dzyaloshinskii-Moriya interaction and we investigate the effect of
environmental parameters on the entropic uncertainty bound. Notably, our results
reveal that there exist some environmental parameters which can be changed to
suppress the entropic uncertainty bound.
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1. Introduction
In quantum theory, the uncertainty principle has been known as a key principle
that determines the distinction between the classical and quantum world. The first
description of the uncertainty principle was formally presented by Heisenberg in 1927
[1]. Heisenberg’s uncertainty relationship indicates that it is not possible to measure
the location and momentum of a particle with high-precision simultaneously. The
‡ Corresponding author
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uncertainty principle for the two preferred observables Q and R was formulated by
Robertson [2] and Schro¨dinger [3] using the standard deviation as
∆Q∆R ≥ 1
2
|〈[Q,R]〉|, (1)
where ∆X =
√〈X2〉 − 〈X〉2 is the standard deviation of the X ∈ {Q,R}, 〈X〉 is
the expectation value of X and [Q,R] = QR − RQ. In quantum information theory,
information measurement criteria can be used to formulate the uncertainty relation.
One of the criteria for measuring the amount of information is entropy. Moreover, it
has been shown that the most appropriate quantity to define the uncertainty relations
is entropy. The first entropic uncertainty relation (EUR) was formulated by using
Shannon’s entropy. The relation was proposed by Deutsch [4], then developed by
Kraus [5], and in the last proved by Maassen and Uffink [6]. If ρ be the state of
quantum system, then it has been shown that for the two desired observables Q and R
the following EUR is established as
H(Q) +H(R) ≥ log2
1
c
, (2)
where H(Q) =
∑
i pi log2 pi and H(R) =
∑
jmj log2mj are the Shannon entropy,
pi = 〈qi|ρ|qi〉, mj = 〈rj|ρ|rj〉 and c = maxi,j
{|〈qi|rj〉|2} where |qi〉 and |rj〉 are the
eigenvectors of Q and R, respectively. The above uncertainty relation can be interpreted
by an interesting one-particle uncertainty game. At first, the particle is prepared in a
quantum state ρ by Bob. Bob sends the particle to Alice. Alice and Bob agree on the
measurement of two observables, Q and R. Then one of the two observables Q and R
is measured by Alice on her particle and she sends her choice to Bob. The uncertainty
of Bob about the Alice’s measurement is bounded by Eq. (2). Besides, the uncertainty
game can be expanded by considering the two particles. In the new game, Bob prepares
the correlated state ρAB for two-particle system. He sends part A to Alice and part B
is kept by himself. Part B, which is available to Bob, is used as a quantum memory
particle. In this structure, Bob can guess the result of Alice’s measurement with less
uncertainty. The first entropic uncertainty relation in the presence of a quantum memory
(EUR-QM) was introduced by Berta et al. as [7]
S(Q|B) + S(R|B) ≥ log2
1
c
+ S(A|B), (3)
where S(Q|B) = S (ρQB)−S (ρB) and S(R|B) = S (ρRB)−S (ρB) are the conditional
von-Neumann entropies of the post-measurement states
ρQB =
∑
i
(|qi〉A 〈qi| ⊗ IB)ρAB(|qi〉A 〈qi| ⊗ IB),
ρRB =
∑
j
(|rj〉A 〈rj | ⊗ IB)ρAB(|rj〉A 〈rj | ⊗ IB), (4)
and S(A|B) = S(ρAB)− S(ρB) is the conditional von-Neumann entropy.
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The study of EUR-QM has been the subject of many activities in this field [8–65].
In Ref. [61], Adabi et al. proposed a new bound for EUR-QM as
S(Q|B) + S(R|B) ≥ log2
1
c
+ S(A|B) + max{0, δ}, (5)
where
δ = I(A;B)− (I(Q;B) + I(R;B)), (6)
in which I(X ;B) = S(ρB)−∑x pxS(ρBx ) with X ∈ {Q,R} is known as Holevo quantity,
px = trAB(Π
A
x ρ
ABΠAx ) is the probability of x-th outcome, and ρ
B
x = trA(Π
A
x ρ
ABΠAx )/px is
the state of Bob after the measurement of X by Alice. Hereinafter, we use abbreviation
EUB (entropic uncertainty bound) for the right-hand side of inequality (5). As can be
seen from (5), the EUB has the additional term when compare with Berta’s EUR-QM
(3). It has been shown that the EUB in Eq. (5) is tighter than Berta’s bound [61].
The uncertainty relationship has a wide range of applications in quantum information
such as entanglement detection [66–69], quantum cryptography [70, 71] and quantum
key distribution [72, 73].
Decoherence [74–82] is an unavoidable phenomenon related to open quantum
systems, which occurs because of their interaction with the environment. This causes the
decay of quantum correlations, which are an essential resource for quantum information
processing. Herein, we study the dynamical behavior of EUB for two-qubit coupled
to a spin chain with Dzyaloshinskii-Moriya (DM) interaction. Due to the interaction
of the bipartite quantum system ρAB with the environment, the quantum correlation
between the two parts decreases, so it is expected that Bob’s uncertainty about Alice’s
measurement outcome increases. In this work, we study the effect of environmental
parameters on the dynamics of EUB. We observe that there exist some environmental
parameters that can be changed to suppress the uncertainty bound. Briefly, the work is
organized as follows. In Sec. 2 we discuss about the model which is used in this work.
In Sec. 3 we analyze the EUB for a two-qubit system coupled to a spin chain with DM
interaction. Finally, conclusions are presented in Sec. 4.
2. The Model
Let’s consider a model in which a two-qubit system interacts transversely with an
environment that is a general XY spin chain with z-component DM interaction. The
total Hamiltonian for a N -qubit system which transversely coupled to an environmental
spin chain is given by (~ = 1) [83]
H = H
(λ)
E +HI , (7)
where
H
(λ)
E =−
N∑
l
(
1 + γ
2
σxl σ
x
l+1 +
1− γ
2
σyl σ
y
l+1 + λσ
z
l
)
−
N∑
l
D
(
σxl σ
y
l+1 − σyl σxl+1
)
,
(8)
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and
HI = −g
(
1 + δ
2
σzA +
1− δ
2
σzB
) N∑
l
σzl , (9)
are the self-Hamiltonian of the environment and interaction between system and
environment, respectively. σαl is the Pauli operator which acts on l-th sites of the
spin chain. σzAB is the z-component of the Pauli operator on the two-qubit system. γ
quantifies the measure of anisotropy of exchange interaction in XY plane, λ stands for
the strength of transverse magnetic field, D shows the strength of DM interaction in
the z-direction, and g(1±δ
2
) quantifies the coupling strength between qubits and the spin
chain. By adjusting δ one can control the anisotropy of coupling strength of qubit with
spin chain. N stands for the number of sites for XY spin chain. The periodic boundary
conditions are also considered as σαN+1 = σ
α
1 . By considering the eigenstates of the
operator 1+δ
2
σzA +
1−δ
2
σzB as what follows
|φ1〉 = |00〉1, |φ2〉 = |01〉2, |φ3〉 = |10〉3, |φ4〉 = |11〉4, (10)
where |0〉 and |1〉 represents spin up and down respectively, one can rewrite the
Hamiltonian in Eq. (7) as
H =
4∑
µ=1
|φµ〉 〈φµ| ⊗H(λµ)E , (11)
where λµ’s are
λ1(4) = λ± g, λ2(3) = λ± gδ, (12)
and H
(λµ)
E can be obtain by substituting λ with λµ in H
(λ)
E . To describe the evolution
of a two-qubit system, it is necessary to identify the unitary time-evolution operator
U(t) = exp(−iHt). To achieve this, one can use Jordan-Wigner transformation to map
the H
λµ
E on to a one dimensional spinless fermion system with creation and annihilation
operators c†l and cl, respectively [84]
σxl =
∏
s<l
(
1− 2c†scs
) (
cl + c
†
l
)
,
σyl = −i
∏
s<l
(
1− 2c†scs
) (
cl − c†l
)
,
σzl = 1− 2c†l cl. (13)
The Hamiltonian will be diagonalized in the following way. At first, the Hamiltonian
can be transformed into momentum space by Fourier transforms of a fermionic operator
as dk =
1√
N
∑N
l cle
−i2pilk/N where k = −M, . . . ,M and M = (N − 1)/2. In the next
step, taking advantage of Bogoliubov transformation
ηk,λµ = cos
θ
(λµ)
k
2
dk − i sin θ
(λµ)
k
2
d†−k, (14)
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where
θ
(λu)
k = arctan
(
γ sin 2pik
N
λµ − cos 2pikN
)
, (15)
one can diagonalize the Hamiltonian as
H
(λµ)
E =
∑
k
Λ
(λµ)
k
(
η†k,λµηk,λµ −
1
2
)
, (16)
where the spectrum Λ
(λµ)
k can be written as
Λ
(λµ)
k = 2
(
ε
(λµ)
k + 2D sin
2pik
N
)
, (17)
with ε
(λµ)
k =
√(
λµ − cos 2pikN
)2
+ γ2 sin2 2pik
N
.
Assume that the initial state of the total system is in the product form as
ρtot(0) = ρAB(0) ⊗ ρE(0), in which ρAB(0) and ρE(0) are the initial state of the two-
qubit system and environment, respectively. It is supposed that the initial state of the
environment is pure i.e. ρE(0) = |ψE(0)〉 〈ψE(0)|. The whole system will evolve as a
unitary process ρtot(t) = U(t)ρtot(0)U
†(t). The evolution of the two-qubit system is
achieved by taking partial trace over environment as
ρAB(t) = TrE [ρtot(t)]
=
4∑
µ,v
Fµν(t) 〈φµ |ρAB(0)|φv〉 |φµ〉 〈φv| ,
(18)
where Fµν(t) =
〈
ψE
∣∣∣U †(λν)E (t)U (λµ)E (t)∣∣∣ψE〉 and U (λµ)E (t) = exp (−iH(λµ)E t) are
decoherence factor and time evolution operator respectively. Let us consider the
conversion between the groundstate of the self-Hamiltonian |G〉λ and the ground state
projected-Hamiltonian as [85, 86]
|G〉λ =
M∏
k>0
(
cosΘ
(λµ)
k + i sinΘ
(λµ)
k η
†
k,λµ
η†−k,λµ
)
|G〉λµ, (19)
with Θ(λµ) =
(
θ
(λµ)
k − θ(λ)k
)
/2. By the help of Eq. (19) and performing long calculations,
the decoherence factor can be obtained as follows [83]
|Fµν(t)| =
M∏
k>0
[
1− sin2
(
2Θ
(λµ)
k
)
sin2
(
Λ
(λµ)
k t
)
− sin2
(
2Θ
(λν)
k
)
× sin2
(
Λ
(λν)
k t
)
+ 2 sin
(
2Θ
(λµ)
k
)
sin
(
2Θ
(λν)
k
)
× sin
(
Λ
(λµ)
k t
)
sin
(
Λ
(λν)
k t
)
cos
(
Λ
(λµ)
k t− Λ(λν)k t
)
− 4
× sin
(
2Θ
(λµ)
k
)
sin
(
2Θ
(λν)
k
)
sin2
(
Θ
(λµ)
k −Θ(λν)k
)
× sin2
(
Λ
(λµ)
k t
)
sin2
(
Λ
(λν)
k t
)]1/2
.
(20)
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In the case that the decoherence factor tends to one, the two-qubit system is weakly
affected by the spin chain environment. While for the situation in which the decoherence
factor tends to zero, the two-qubit system is strongly influenced by the environment.
3. Results
Let us consider the case in which Alice and Bob initially share the set of two-qubit
states with the maximally mixed marginal states. This state can be written as
ρAB(0) =
1
4
(
IA ⊗ IB +
∑
i
riσ
i
A ⊗ σiB
)
, (21)
where i takes values 1, 2 and 3 which represent the Pauli operators x, y, and z
respectively, and ri is the real parameter. Let’s assume that the system available to
Alice and Bob is influenced by the spin chain environment. According to Eq. (18), the
evolved density matrix in the computational basis |00〉1, |01〉2, |10〉3 and |11〉4 is obtained
as follows
ρAB(t) =
1
4


1 + r3 0 0 Γ
0 1− r3 Ω 0
0 Ω∗ 1− r3 0
Γ∗ 0 0 1 + r3

 , (22)
where Γ = (r1 − r2)F14(t) and Ω = (r1 + r2)F23(t). We consider the case in which Alice
measures one of the two observables Q = σx and R = σz . So, we get c = 1/2 and the
EUB (5) for the evolved density matrix (22) is obtained as
EUB ≡ 1 + S(A|B) + max{0, δ}, (23)
where
S(A|B) = − 1− 1− Ω− r3
4
log2
1− Ω− r3
4
− 1 + Ω− r3
4
log2
1 + Ω− r3
4
− 1− Γ + r3
4
log2
1− Γ + r3
4
− 1 + Γ + r3
4
log2
1 + Γ + r3
4
, (24)
and
δ = − 2 + 1− Ω− r3
4
log2
1− Ω− r3
4
+
1 + Ω− r3
4
log2
1 + Ω− r3
4
+
1− Γ + r3
4
log2
1− Γ + r3
4
+
1 + Γ + r3
4
log2
1 + Γ + r3
4
− 1− r3
2
log2
1− r3
4
− 1 + r3
2
log2
1 + r3
4
− 2− Γ− Ω
4
log2
2− Γ− Ω
8
− 2 + Γ + Ω
4
log2
2 + Γ + Ω
8
.
(25)
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In Fig. 1, the EUB (23) is plotted as a function of time for the case in which the
initial state that is shared between Alice and Bob is pure with the state parameters
r1 = r3 = 1 and r2 = −1, i.e. the initial state becomes a pure state as ρAB(0) = |Φ〉〈Φ|
where |Φ〉 = (|00〉 + |11〉)/√2 is a Bell state. Generally, it is clear that as a result
of the interaction of the system with the environment, the quantum information of
the system is lost. So when the system at the disposal of Alice and Bob interacts
with the environment, Bob’s uncertainty about the result of Alice’s measurement
will increase. However, the EUB can be controlled by adjusting the environmental
parameter. Sometimes there are some environmental parameters that can be changed
to reduce the uncertainty bound. Due to the fact that the initial state of the quantum
system ρAB is a maximally entangled pure state, the uncertainty at the initial moment
of interaction is zero, and Bob can correctly guess the result of Alice’s measurement
at this time. When the interaction begins, it is observed that the uncertainty bound
increases with the continuation of the interaction.
Fig. 1(a) shows the dynamics of EUB for different values of the transverse magnetic
field strength λ. As can be seen, the EUB decreases with increasing parameter λ. In
other words, the EUB can be suppressed by increasing the strength of the transverse
magnetic field. In Fig. 1(b), the dynamics of EUB is represented for different values
of the strength of z-component DM interaction. Obviously, the EUB is enhanced by
increasing the strength of DM interaction. Therefore, increasing this parameter increases
Bob’s uncertainty about the result of Alice’s measurement.
The dynamics of EUB for different values of the number of the total sites in XY
spin chain environment N is sketched in Fig. 1(c). It is observed that with increasing
the number of sites in the spin chain, the environment has a stronger effect on the
system and more information is lost about the system. Hence, the uncertainty will be
increased by the number of sites N in the spin chain environment. In Fig. 1(d), the
effect of the anisotropy of exchange interaction on the dynamics of EUB is investigated.
By evaluating this plot, it becomes clear that the EUB can be suppressed by increasing
the anisotropy parameter γ.
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Figure 1. The dynamics of entropic uncertainty bound for the case in which the initial
state is pure with r1 = 1 and −r2 = r3 = 1. (a) For different values of the strength
of transverse magnetic field λ, when D = 0, γ = 1, δ = 0, g = 0.05 and N = 600. (b)
For different values of DM interaction D, when λ = 1, γ = 1, δ = 0, g = 0.05 and
N = 600. (c) For different values of the spin number N , when λ = 1, γ = 1, δ = 0,
g = 0.05 and D = 0. (d) For different values of the anisotropy γ, when D = 0, λ = 1,
δ = 0, g = 0.05 and N = 600.
In Fig. 2, the EUB (23) is plotted in terms of time for the case in which the
initial state that is shared between Alice and Bob is mixed with the state parameters
r1 = 1, r2 = −0.2, and r3 = 0.2, i.e. the initial state becomes the mixed state as
ρAB(0) = 0.6|Φ〉〈Φ|+ 0.4|Ψ〉〈Ψ| where Φ = (|00〉+ |11〉)/
√
2 and Ψ = (|01〉+ |10〉)/√2
are Bell states. The qualitative behavior of uncertainty in this case is similar to that of
pure state case. In terms of quantitative description of uncertainty, we must mention
that the EUB at the initial moment of interaction tends to one. Of course, it is worth
noting that when the interaction begins, it is observed that the uncertainty bound
increases with the continuation of the interaction.
Fig. 2(a) represents the dynamics of EUB for different values of strength of
transverse magnetic field λ. It is observed that the EUB decreases with increasing
parameter λ. In fact, increasing λ suppresses the EUB. Fig. 2(b) displays the time
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evolution of EUB for four values of DM interaction strength with fixed values of
λ = γ = 1, δ = 0, g = 0.05, and N = 600. From this plot, one concludes that the
EUB is enhanced by increasing the strength of DM interaction, which behaves similarly
to the previous case (pure state case).
The time evolution of EUB for different values of the number of the total sites in XY
spin chain environment N is depicted in Fig. 2(c). It is observed that with increasing
the number of sites in the spin chain, the environment has a stronger effect on the system
and more information is lost about the system. So, as mentioned before, the uncertainty
will be enhanced by the number of sites N in the spin chain environment. In Fig. 2(d),
the effect of the anisotropy of exchange interaction on the dynamics of EUB is analyzed.
As can be seen, the EUB can be repressed by increasing the anisotropy parameter γ.
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0 1 2 3
1
1.1
1.2
1.3
1.4
1.5
1.6
t
EU
B
 
 
D=0
D=1
D=2
D=3
(b)
0 1 2 3 4 5
1
1.1
1.2
1.3
1.4
1.5
1.6
t
EU
B
 
 
N=300
N=400
N=500
N=600
(c)
0 5 10
1
1.1
1.2
1.3
1.4
1.5
1.6
t
EU
B
 
 
γ=1
γ=2
γ=3
γ=4
(d)
Figure 2. The dynamics of entropic uncertainty bound for the case in which the
initial state is mixed with r1 = 1, r2 = −0.2, and r3 = 0.2. (a) For different values of
the strength of transverse magnetic field λ, when D = 0, γ = 1, δ = 0, g = 0.05 and
N = 600. (b) For different values of DM interaction D, when λ = 1, γ = 1, δ = 0,
g = 0.05 and N = 600. (c) For different values of the spin number N , when λ = 1,
γ = 1, δ = 0, g = 0.05 and D = 0. (d) For different values of the anisotropy γ, when
D = 0, λ = 1, δ = 0, g = 0.05 and N = 600.
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4. Conclusions
To summarize, we have studied the time evolution of EUB for a two-qubit state coupled
to a spin chain with DM interaction. In the study of quantum systems, it must be
borne in mind that the interaction of the system with its surroundings in the real world
is inevitable. As a result of the interaction of the system with the environment, the
information is lost from the quantum system. Specifically, we considered a model in
which the bipartite quantum system is available to Alice and Bob so that parts A
and B are owned by Alice and Bob, respectively. We also assumed that the bipartite
quantum system which is coupled to a spin chain with DM interaction. As a result of the
interaction between the system and an environment, Bob’s information about Alice’s
system decreases, and vice versa. Therefore, as expected, Bob’s uncertainty about the
result of Alice’s measurement on her system increases. In this work, we examined the
effect of environmental parameters on EUB. Notably, it was observed that the EUB can
be suppressed by raising the strength of the transverse magnetic field λ and anisotropy
of exchange interaction γ. On the other side, it was also seen that the EUB can be
enhanced by increasing the number of sites N and the strength of DM interaction. To
sum up, our research may open a new window on the time evolution of EUB in the
Heisenberg spin chain models and be of interest to quantum measurement precision in
quantum information processing.
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